We explore non-classical correlations in n-cycle setting. In particular, we focus on correlations manifested by Kochen-Specker-Klyachko box (KS box), scenarios involving n-cycle non-contextuality inequalities and Popescu-Rohlrich boxes (PR box). We provide the criteria for optimal classical simulation of a KS box of arbitrary n dimension. The non-contextuality inequalities are analysed for n-cycle setting, and the condition for the quantum violation for odd as well as even n-cycle is discussed. We offer a simple extension of even cycle non-contextuality inequalities to the continuous variable case. Furthermore, we simulate a generalized PR box using KS box and provide some interesting insights. Towards the end, we discuss a few possible interesting open problems for future research.
Introduction
The quantum mechanical description of nature is incompatible with any local hidden variable theory and hence consequently is said to exhibit Bell nonlocality [1] . This counter-intuitive phenomenon finds applications in various quantum information processing tasks like randomness certification [2] , self-testing [3] [4] [5] [6] and distributed computing [7] . The Bell nonlocality can be thought of as a particular case of another not-so-famous phenomenon, referred to as contextuality [8] [9] [10] . Recently, contextuality has been shown to be useful for quantum cryptography [11, 12] and self-testing [13] . Furthermore, it has been shown to be a crucial resource responsible for various models of quantum computing including measurement based quantum computing [14] and fault-tolerant quantum computing [15] . An in-depth study of non-locality and contextuality is required to harness these features for applications as well as to deepen our understanding of nature. In this regard, we study various nonlocal and contextual resources in various sections of this paper, which we describe subsequently.
In section 2, we study the less known Kochen Specker Klyachko box (or KS box) for the n-dimensional case. The box as mentioned earlier was first introduced by Jeffrey Bub et. al. in 2009 [16] and was analysed for 5-dimensional case. We study the box for general n-dimensional case and provide the optimal classical strategy as well as corresponding success probability for simulating the box using classical resources.
The Bell nonlocal nature of theories can be witnessed via the violation of certain inequalities, referred to as Bell inequalities and non-contextuality inequalities in the general case of contextuality [9] . In section 3, we study n-cycle contextuality scenario and corresponding non-contextuality inequalities. We explore the odd cycle generalisation of the well-known Klyachko-Can-Binicioglu-Shumovsky (KCBS) inequality [17, 18] and even cycle generalisation of Clauser-Horne-Shimony-Holt (CHSH) inequality [19] . Following the construction provided by Araújo et. al. [20] , we discuss the necessary and sufficient condition for the violation of the generalised KCBS inequality and necessary condition for the violation of even-cycle generalisation of CHSH inequality. Note that the even cycle generalisation of CHSH inequality are similar to Braunstein-Caves inequalities [21] which have been heavily investigated in the literature. Following the work of Arora et. al. [22] , we provide a simple extension of these even cycle non-contextuality inequalities to the continuous variable case.
Within no-signalling theories, the maximum violation of CHSH inequality is obtained by Popescu-Rohlrich box, also known as PR box [23] . The PR-box and its analogue for even-cycle generalisation of CHSH inequality are the contents of section 4. In their seminal work [16] , Bub et. al. studied the simulation of a PR box using KS box. We extend the idea to arbitrary dimensional KS box and PR box. We study the joint probability distribution for the KS box and find the criteria for the violation of even-cycle generalisation of CHSH inequality. Finally, we conclude in section 5.
The paper connects generalized PR boxes, arbitrary dimensional KS boxes and n-cycle noncontextuality inequalities and thus provides the pathway for the study of these contextual and nonlocal resources at their junction.
Simulating KS Box
Definition 1. An N-dimensional Kochen Specker Klyachko box or KS box, defined in [16] is a no-signalling resource with two inputs, x, y ∈ {1, 2, · · · , N} and two outputs a, b ∈ {0, 1}, which satisfies the following constraints:
1. a = b if x = y, and 2. a.b = 0 if x = y.
A KS-box with marginal probability p for the output '1' is referred to as KS p box. For example, the fraction of '1's in a KS 1 5 box is 1 5 . We shall refer to the KS-box condition corresponding to a.b = 0 for unequal inputs as ⊥. It is not possible to simulate the KS box statistics with full accuracy for arbitrary p [16] . We want to find the probability of successful simulation of KS box statistics for various strategies. Consider an N-gon with a 0/1 assignment to its vertices. A 0/1 assignment with M '1's for a given N-gon corresponding to an N-dimensional KS box is referred to as a chart of degree M, in short C M . For example chart C 1 for a 5 dimensional KS box will assign '1' to one of the vertices and '0' to the rest. The spatially separated parties say, Alice and Bob, will share such charts and using shared randomness decide which chart to use. Clearly using chart C 0 and C 1 will always satisfy the ⊥ condition. All other charts will violate the ⊥ condition up to varying proportion. Simulating a KS p -box essentially requires the satisfaction of the ⊥ conditions along with the marginal condition. The use of charts already guarantees equal outputs for same inputs.
Lemma 1.
Given the chart C M , the probability of successful simulation of the ⊥ condition is given by
Proof. For an N-dimensional KS box, the total number of possible input pairs for Alice and Bob are N 2 . If they use the chart C M to simulate the KS box, then the probability of failure corresponds to the probability of choosing different inputs with output 1. The number of such edges (with ordering) whose vertices correspond to output 1 is M(M − 1). Thus, the probability of successful simulation is
This completes the proof.
For p ≤ 1 N , Alice and Bob can use chart C 0 and C 1 to simulate the KS-box. However, we observe that in order to satisfy the marginal constraints for p > 1 N , one needs to use charts of higher degree, which in turn violates the ⊥ conditions. Therefore perfect classical simulation of the KS p -box only exists for p ≤ 1 N . We now fix a p ≤ 0.5 and compute the optimal classical simulation probability of the KS p -box. Now we present our result concerning the optimal probability of successful simulation for an N-dimensional KS p box for arbitrary p.
Theorem 2.
For a given p ≤ 0.5, the charts C M−1 and C M (only chart C M in case N p is an integer) are optimal for simulating N-dimensional KS p -box, where M = [N p] (integral part) and the optimal probability of simulation is given by
Proof. Assume that Alice and Bob play the charts C i with probability p i , for i ∈ Z ≥ , i.e. the set of non-negative integers. For a given probability distribution {p i } over charts, the probability of successful simulation of KS p -box is given by ∑ i p i P ⊥ (C i ) . Hence the optimal simulation probability is given by the following linear program :
Now observe that the objective function is
where in the second equality we used the mean condition along with the valid probability condition. Hence, maximising the objective function corresponds to minimising the variance term with respect to the probability distribution {p i }. The optimisation problem of minimising the variance of a random variable defined on a set of non-negative integral points, over all possible probability distributions, for a fixed given mean, has support size at most two. This can be seen easily using the Karush-Kuhn-Tucker conditions. Specifically, if the mean (N p) is an integer (say = M), the least variance solution will be p M = 1 and p i = 0, ∀i = M. For the case when the mean is not an integer, the least variance solution corresponds to a support containing M − 1 and M, with M = [N p], which follows from simple convexity arguments. With this support, we can compute p M−1 and p M using the mean condition, which evaluates to p M−1 = M − N p and p M = N p − M + 1. Plugging this into the success probability function gives us the optimal simulation probability of the KS p -box
Remark 1.
Simulation efficiency decreases monotonically with dimension. Five-dimensional KS box is optimal for efficient simulation of any arbitrary marginal p.
Remark 2. For large N, the simulation efficiency tends to 1 − p 2 .
Having studied the KS box, we move next to the n-cycle non-contextuality inequalities.
Analysing n-Cycle Non-Contextuality Inequalities
We analyse the n-cycle generalisation of KCBS and CHSH inequalities. The KCBS inequality is a state-dependent non-contextuality inequality with five dichotomic measurements with 0/1 outcome. The combination of measurement and corresponding outcome constitutes an event. For example, (a|i) is an event which corresponds to getting outcome "a" for measurement "i". Let us represent the probability of getting outcome "1" given the input was "i" as P (1|i). The events follow exclusivity relation according to a graph, referred to as exclusivity graph (a pentagon in this case). The exclusivity relation induces following constraint:
∀i, j ∈ E. The KCBS inequality corresponds to sum of probabilities assigned to five events of the kind (1|i) with exclusivity relation following a pentagon. For a non-contextual hidden variable theory, the bound on the inequality is 2. Formally, the KCBS inequality is given by
The inequality in (4) has been further extended to general odd cycle, which is
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The odd cycle generalisation of KCBS inequality has been studied extensively in literature [13, 18, 20, 24] . Surprisingly, n−1 2 corresponds to independence number of the graph for odd cycle graph [8, 18, 25] . The maximum quantum violation for generalised KCBS inequality corresponds to Lovász theta number (denoted by ϑ (G)), which is
. We will represent the density matrices in the standard basis {|i } with matrix elements given by ρ ij = i|ρ|j . For the odd n-cycle generalisation of KCBS inequality, the projectors corresponding to the optimal quantum violation are given by
. Now we present the condition under which a qutrit will violate the generalised KCBS inequality for the above measurement settings.
Proposition 1.
A qutrit violates the odd n cycle generalization of KCBS noncontextuality inequality if and
.
Proof. The generalised KCBS operator for the odd n-cycle scenario can be defined as
Adding all the projectors (Π j s), we get
Since ∑ j cos 2 jπ(n−1) n = ∑ j sin 2 jπ(n−1) n = n 2 , we get
The odd n-cycle noncontextuality inequality is written as
where K n corresponds to the expectation value of the generalised KCBS operator with respect to the underlying preparation. In terms of quantum expectation, the inequality is given by
Note that the generalised KCBS operator is diagonal in standard basis and leads to the following simplification:
Since the trace of a density matrix is always 1, the condition for the violation of odd n-cycle non-contextuality inequality becomes;
Simplifying the above expression, we get
Remark 3.
We can see that the set of quantum states for qutrits, which can violate odd n cycle noncontextuality inequality, shrinks as we increase n. In the infinite n scenario, the only qutrit which violates the inequality is the pure state |ψ = (0, The condition for the quantum violation of the odd n cycle generalisation of KCBS inequality is computed. Lower bound on ρ 33 for odd n cycle graph has been plotted as a function of n. The set of states which can violate the KCBS inequality corresponding to optimal measurement setting shrinks as we increase n.
The n-cycle generalization of CHSH inequality is referred to as chained Bell inequality [20, 21] . The even n-cycle scenario has n measurements i.e {X 1 , X 2 , · · · , X n }. Each of these are dichotomic measurements with possible outcomes ±1. The chained Bell inequality of cycle n is given by
The optimal construction [20] for violation of this inequality corresponds to X j = X j ⊗ I for even j and X j = I ⊗ X j for odd j, where
We now provide the necessary condition for the quantum violation of a chained Bell inequality corresponding to optimal quantum measurement settings.
Proposition 2. For a given two qubit state, the necessary condition for the quantum violation of chained Bell inequality of cycle n is given by the difference of its extremal eigenvalues i.e.
Proof. For even j,
Similarly for odd j,
Further,
Using 10, 11 ,12 and basic arithmetics, the n-cycle chained Bell inequality for quantum systems transforms as
which further simplifies to
For a two qubit density matrix ρ, this translates into
where
The condition for violation of n-cycle chained Bell inequality becomes
The eigenvalues of O n are 2, 0, 0, −2. Suppose the eigenvalues of ρ are
Using 15 and 14, the necessary condition for the violation of n-cycle chained Bell inequality turns out to be
Remark 4.
It is easy to see that set of two-qubit quantum states that can violate chained Bell inequality shrinks as we increase n. In the infinite n scenario, the only two qubit state that violates the inequality is a Bell state! Here we plot the lower bound on the difference of extremal eigenvalues of a two qubit density matrix as a function of even values of n. The set of two qubit quantum states, which could potentially violate chained Bell inequality ( as our is necessary and not sufficient), shrinks as we increase n. In the infinite n scenario, the only two qubit state that might violate the inequality is Bell state! Now, we move on to provide a simple extension of even cycle non-contextuality inequalities (as in equation 7 to the continuous variable case. The even cycle non-contextuality inequalities can be extended to continuous variables quite easily following the work of Arora et. al [22] where the authors provide the continuous variable extension for n = 4. We have already discussed the construction corresponding to the maximal violation of inequality in (7). The inequality is maximally
T and the maximum violation is n cos (π/n) . We define the following non-contextuality operator in this regard,
We know that
For σ = σ xx and n =ẑ,
Let us look back at the operator in equation 8 more closely. This can be thought of as σ x rotated around z axis with angle jπ 2n . To get the continuous variable representation, let us start with the quantum mechanical translational operator exp −ιpL h , which translates a particle by distance L. This operator is not hermitian and hence we introduce the following symmetric combination to make it hermitian,
where Z = sgn sin qπ L
. One can easily see that
and
Let φ (q) = q|φ be the localized quantum state symmetric about q = L 2 , for some length scale L. and φ n (q) ≡ φ (q − nL) . Using this construction, following states are defined:
. Interestingly, for N = 2M,
The appropriate entangled state which shows the violation is |ψ ≡ |ψ
Let us calculate the violation for the state in 26.
For large N,
and hence we get the maximum quantum violation n cos π n . The experimental implementation of the continuous variable extension is quite simple and follows directly from the work of Arora et. al. [22] .
Simulating PR Box
The KS box is a powerful resource which can be used to efficiently simulate the most non-local no-signalling box, i.e. PR box [23] . The PR box has initially been defined as the box which allows maximum violation of the CHSH inequality in no-signalling theories. One can generalise the notion of PR box corresponding to chained Bell inequalities.
Definition 2.
A PR-box is a no-signalling resource with input pair x, y and corresponding output pair a, b where each of these variables takes their values from the set {0, 1} . The statistics of the PR box follows the following relation:
which means that the outputs are different if and only if the inputs are x = y = 1, otherwise the outputs are same. The PR box can be generalised for input pair (x, y) ∈ {1, 2, · · · , n} 2 and output from the set {0, 1} such that outputs are same when inputs are anything except {1, 1}. When inputs are {1, 1}, the outputs must be different.
Now suppose Alice and Bob are equipped with an arbitrary dimensional KS box. The following table gives the joint probabilities for an n-dimensional KS p box. Table 1 . The table displays the joint probabilities for an n-dimensional KS p -box. Note that each of the blocks along the diagonal are same and similarly all the off diagonal blocks are same. Within a block, the top left element is the probability of getting (0, 0), top right signifies the probability of getting (0, 1), bottom left indicates the corresponding value for (1, 0) and, the probability for (1, 1) is indicated by the bottom right entry.
KS Box is more powerful than PR box and can be used to simulate the same [16] . We ask whether Alice and Bob can simulate a generalised PR box (as defined before) using KS p box. The answer is in the affirmative, and we provide a simple strategy to do so. Proof. To prove our claim, we provide the following strategy: Alice relabels her inputs for PR box as follows:
Similarly, Bob relabels his inputs as follows: Given the even cycle generalisation of CHSH inequality, the marginal probabilities p in the KS p required to saturate classical bound, quantum bound and no-signalling bound are given by p c ≤ n − 2 2(n − 1) ,
respectively.
Remark 5.
For a large value of n, all the above probability expressions tend to one half. However, the quantum probability approaches the PR box limit of 1 2 significantly faster than the classical probability.For large n, all these probabilities approach . We look at KS box probabilities in various regimes. Note that the quantum probability approaches the PR box limit faster than classical probability as we increase the number of cycles.
Conclusion
To conclude, we studied arbitrary dimensional KS box, generalised PR box and n-cycle non-contextuality inequalities in this work. We provided the optimal classical strategy and the corresponding success probability for classically simulating the KS box. For future work, it is worthwhile exploring the optimal quantum strategy for this purpose. We provided the sufficient condition for the violation of the generalised KCBS inequality and necessary condition for the violation of even-cycle generalisation of CHSH inequality. We also discussed the continuous variable extension of even-cycle generalisation of CHSH inequality. We leave the continuous variable extension of KCBS and generalised KCBS inequality for future work. We also studied the strategy for simulating a generalised PR box using KS box. It is also interesting to explore further how the generalised PR box, arbitrary dimensional KS box and n-cycle non-contextuality inequalities are related to each other and their implications.
